Abstract. Family Floer theory yields a functor from the Fukaya category of a symplectic manifold admitting a Lagrangian torus fibration to a (twisted) category of perfect complexes on the mirror rigid analytic space. This functor is shown to be faithful by a degeneration argument involving moduli spaces of annuli.
Introduction
Applications of Fukaya categories to symplectic topology require an algebraic model for these categories: this involves of finding a collection of Lagrangians which generate the category in the sense that the Fukaya category fully faithfully embeds in the category of perfect modules over the corresponding A ∞ algebra. For closed symplectic manifolds, the known strategies for understanding such categories of modules rely on realising them, in an instance of homological mirror symmetry, as modules over the endomorphism algebra of (complexes of) coherent sheaves on an algebraic variety, or a non-commutative deformation thereof. Such descriptions are possible in a limited class of examples, which include Calabi-Yau hypersurfaces in projective space [14, 16] and toric varieties [11, 5] . It reasonable to expect that these methods will lead to descriptions of Fukaya categories of complete intersections in toric varieties [4] .
The goal of the family Floer program is to both give a more compelling proof of these equivalences, and to extend the class of examples for which they can be proved. Keeping with tradition, we shall call the symplectic side the A-side, and the algebro-geometric side the B-side. The current strategies rely on matching computations on the two sides, without having a good reason for the agreement. Moreover, these computations work for a very special class of symplectic structures; in the typical case of the K3 surface, homological mirror symmetry is only understood for the restriction of the Fubini-Study form to the quartic hypersurface, whereas the rank of the second cohomology group is 22.
There are essentially only two previous results on family Floer cohomology. In [9] , Fukaya gave a very general result constructing the local charts of the B-side, which were shown by Tu to admit compatible identifications over the overlaps [18] . In [8, Section 6] Fukaya also outlined a strategy for assigning to Lagrangians (complexes of) coherent sheaves on the mirror, under some convergence assumptions which should yield a complex analytic mirror. This paper extends these results by (1) constructing a map of morphism spaces from the A-side to the B-side, (2) constructing a map of morphism spaces from the B-side to the A-side, (3) showing that the composition of these two maps is the identity on the A-side, leading to the main result. The formal results are stated in Section 8. The Appendix also includes the construction of an A ∞ functor, which should be thought of as the family Floer mirror functor.
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Remark 1.1. In order to focus on the new ideas, we restrict the setting that we consider by assuming that (1) the ambient symplectic manifold admits a Lagrangian torus fibration all of whose fibres are smooth and bound no holomorphic discs, and (2) one can choose an almost complex structure for each Lagrangian so that it bounds no holomorphic discs. The requirement that the Lagrangians bound no holomorphic disc is really only technical, and meant to avoid discussing foundations of multivalued perturbations in Lagrangian Floer theory [10] (and multiplying the length of the paper by a potentially large factor). The reader may consult the introduction to [2] for a discussion of the more serious difficulties one would encounter in the presence of singular fibres.
Since the construction of the homotopy from the composition to the identity uses a moduli space of annuli, faithfulness can be seen as the analogue of the generation criterion [1] . Heuristically, the strategy for the proof is the following: let X be a symplectic manifold equipped with a Lagrangian torus fibration over a base Q (we denote the fibre over q ∈ Q by F q ), and L a Lagrangian in X. Consider moduli spaces of holomorphic discs with 3 marked points, on which we impose Lagrangian boundary conditions given by L and a fibre. We shall consider two flavours for this moduli space (see the leftmost diagram in Figure  1 ): in the first case, one marked point is distinguished as an input mapping to L, and the remaining two are outputs mapping to intersection points x and y of L with a fibre, while in the second case, the intersections of L with a fibre correspond to inputs, while the marked point on L is an output.
In the classical versions of Floer theory, one would consider the subcategory of the Fukaya category of X whose objects are fibres, and the Yoneda module over this subcategory associated to L. Upon adding many more marked points, the first of these moduli spaces defines the map from the Floer cohomology L to the endomorphism algebra of this Yoneda module, and the second moduli space defines a map which one could hope to show is a right inverse by gluing the two triangles to an annulus, and degenerating this annulus to two discs meeting at an interior point; one of the discs has Lagrangian boundary conditions on an arbitrary fibre and the other has Lagrangian boundary conditions on L and carries the two boundary marked points. Since the moduli space of discs with boundary on an arbitrary fibre gives us a copy of the ambient space X, the first type of disc imposes no constraint, so we are simply considering the moduli space of discs with boundary on L (and two marked point). This moduli space represents the identity on Floer cohomology.
Trying to implement this strategy in this setting runs into a convergence problem: since the fibres are disjoint, they are Floer theoretically orthogonal, so the Yoneda module defined by L is a direct product of the corresponding modules for all fibres. The map back to Floer theory is not well-defined because it is the sum of infinitely many terms. The correct framework for this argument is in fact family Floer cohomology, and the main difficulty that arises is due to the need to make compatible families of perturbation in defining the Floer cohomology of L with every fibre; in the classical case, one can choose such perturbations independently for all pairs of objects.
We end this introduction with a brief outline of the paper: Sections 2 and 3 introduce the abstract moduli spaces and the corresponding spaces of maps which will serve to construct the mirror to a Lagrangian and the maps back and forth from the Floer complex to the morphism spaces on the B-side. Familiarity with the ideas explained in [2] may help understand what are otherwise likely to appear as unmotivated constructions.
Section 4 is the heart of the paper, ensuring the compatibility of the Floer theoretic constructions which yield the maps from the A-side to the B-side and vice versa; in the family Floer setting, this is particularly delicate because the Lagrangian boundary conditions are varying over the fibres, and one cannot choose the data arbitrarily for different fibres. The key idea it to choose a very fine triangulation of the base of the fibration, make controlled choices at the vertices of this triangulation, and associate to higher dimensional cells families of equations which interpolate between these.
Sections 5 and 6 show that the moduli spaces constructed in the previous section can be glued to obtain a moduli space of annuli parametrised by the base. The main delicate point is that it is not possible to perform this construction in such a way that the annuli over every point in the base are obtained by gluing the degenerate annuli corresponding to that point. This is responsible for the notion of an annulus gluing function introduced in Definition 6.1.
Sections 7 and 8 are simply a matter of bookkeeping, as all the hard work appears in the previous four sections. The results of [2] , to which the reader is referred, are repeatedly used. Finally, in the Appendix, the A ∞ functor is constructed. This entails giving map at the linear level between morphisms on the A-side and the B-side, whose construction is quite a bit simpler than the construction in the main part of the paper. The additional complexity of the paper's main construction comes from the need to see such a map arise in the boundary of a moduli space of annuli.
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Families of Riemann surfaces
2.1. Adams's universal curve. 
Let T d denote the complement in T d of the inverse image under a of the vertices of ∆ d ; i.e. remove the locus where s = 0 or some coordinate s j equals 1. Denote by T r the fiber over a point r ∈ A d of the projection map T d → A d . This is a union of intervals, numbering one more than the coordinates in r which equal 1.
Some compatibility between the spaces T d for different values of d will be required. To this end, let K be a finite ordered set, and denote by ∆ K the associated |K| − 1-dimensional simplex which naturally embeds in R K .
Definition 2.1. The compactified Adams moduli space of paths A K is the cube on K \ {min K, max K}.
The associated partially ordered set consists of pairs of subsets I and J of K such that
The partial ordering is such that the pair I ⊂ J precedes
There is an alternate description of the boundary strata which is often more useful: introduce the notation
The boundary stratum corresponding to I ⊂ J admits a natural product decomposition
Given i ∈ K \ {max K, min K}, the above result for facets yields a natural identification
corresponding to the locus where the i th coordinate vanishes or equals 1. The union of the images of these inclusions over all i ∈ K \ {max K, min K} covers the boundary of A K .
Let T K denote the copy of the space T d over A K . The fibre over each point in A K is an interval, while those over its complement are disjoint unions of intervals. The inclusion maps in Equations (2.7) and (2.8) induce natural inclusions
Remark 2.3. The case |K| = 1 is a degenerate case of the above discussion. Whenever it appears, set A K to be a point, and T K to be empty.
2.1.2.
From paths to strips. Consider the projection map
Expressing the boundary stratum A I⊂J as a product of Adams moduli spaces yields a projection A I⊂J → A I ′ ⊂J ′ whenever I ⊂ I ′ ⊂ J ′ ⊂ J, so that the following diagram commutes:
Fix an order-preserving identification of the interval (0, 1) with the positive real numbers and consider the projection (2.13)
for each subset I of K; the image of a point will yield a parameter used the glue the fibres of T K over A I⊂J to obtain fibres over points in a neighbourhood of this stratum in A K . Whenever I ′ ⊂ I, these fit in a commuting diagram (2.14)
Given a union T of d+1 copies of the real line, and a sequence of d numbers S = (S 1 , . . . , S d ) in [0, ∞], introduce the equivalence relation which identifies points in the subintervals [S i , +∞) and (−∞, −S i ] of the copies of R labelled by i and the element succeeding i. The quotient of T by this equivalence relation will be denoted T # S. It is often convenient to think of T #S as the union of intervals
in which successive boundary points are identified. Definition 2.4. If R < S i for all i, the R-thick part of T # S is the image of
Inductively choose identification of the fibre of T K over a point r with unions of real lines
and neighbourhoods of the boundary strata
together with a gluing map T fI⊂J r #g I ( r) → T r whenever r lies in νA I⊂J . The existence of such a gluing map yields a map
Since these spaces of choices are contractible, the commutativity of Diagrams (2.12) and (2.14) implies that such neighbourhoods and identifications may be chosen so that there are commuting identifications of fibres whenever I ⊂ I ′ ⊂ J ′ ⊂ J in the following sense: the product decomposition of the boundary strata of A K yields a map g I ′ \I from A I⊂J to (0, ∞] I ′ \I which fits in a commutative diagram of diffeomorphisms (2.20)
Definition 2.5. The universal curve over A K is the map
The fibres U r are equipped via the choice in Equation (2.17) with identifications
hence with a complex structure which in the right hand coordinates (s, t) is j∂ s = ∂ t on each component. Denote by and fix maps with disjoint images
whose restrictions to r ∈ A K give positive (resp. negative) strip like ends on the fibre U r , which agree up to translation with the natural ones coming from the last (respectively first) factor in Equation (2.22), and which are compatible with the gluing maps near every boundary stratum.
Let F : U J → Z be a map from U J to a topological space Z. Such a map is constant along the positive (respectively negative) end if there is a map f : [0, 1] → Z such that the restriction of F to each fibre U r agrees with f near s = +∞ on the last component (respectively near −∞ on the first component).
The choices of gluing maps for the moduli space T K yield a map (2.27)
for all pairs I ⊂ J labelling boundary strata of A K .
Definition 2.6. The map F is obtained by gluing if its restriction to neighbourhoods of all boundary strata yields a commutative diagram
Since the gluing map G I⊂J is surjective, F is determined, on a neighbourhood of a boundary stratum, by its restriction to the stratum and the gluing map. In addition, continuity implies that its restriction to the boundary is constant along each glued end.
The notion of an R-thick part of the image of G I⊂J is inherited from Definition 2.4: this consists of |I| − 1 components, each of which is labelled by a pair of successive elements of I, and is naturally identified with [−R, R] × [0, 1]. Let F I⊂J : νA I⊂J → Z be a function obtained by gluing, and assume Z is a Fréchet manifold. We shall say that a section of F * I⊂J T Z is consistent if there is a constant R so that the support is contained in the interior of the R-thick part and the restriction to the i th component of the R-thick part vanishes to infinite order along the strata for which the corresponding pair of gluing parameters are infinite. A consistent perturbation of F I⊂J is the image under exponentiation of a consistent section. Definition 2.7. A map F : U K → Z is obtained by perturbed gluing if its restriction to νA I⊂J for all pairs I ⊂ J agrees with a consistent perturbation of a function obtained by gluing.
2.2.
Adams paths in a prism. Equip K × {−, +} with the total ordering obtained by extending the ordering on K via (+, i) < (−, j) for all i, j ∈ K. Write every subset of K × {−, +} as a union K − × {−} ∪ K + × {+}. The constructions of the previous section, applied to this ordered set, yields spaces and maps (2.29)
and an open subset A K−,K+ ⊂ A K−,K+ over which the fibres of U K−,K+ are connected.
There are inclusions of the boundaries of each fibre U {i} K−,K+ ⊂ U K−,K+ for i = 0, 1. The additional data of the decomposition yields a natural map
The fibre of T K−,K+ over A K−,K+ is therefore equipped with a distinguished component characterised by the property that its projection to [0, 1] is not constant. To state the compatibility of this distinguished component with the boundary decomposition of A K−,K+ , note that such a stratum is labelled by pairs I ± and J ± such that
Whenever I ± are singletons (i.e. respectively consist only of min K + and max K − ), the corresponding boundary stratum is naturally identified with the moduli space A J−,J+ . Lemma 2.8. The codimension 1 boundary strata of A K−,K+ are:
The restriction of U K−,K+ to these strata is naturally isomorphic to the union of pullbacks of the universal curves on each factor.
Using the above description of the boundary strata, inductively choose identifications of fibres with unions of real lines, compatibly with the choices made in Section 2.1 for U J for a subset J of K; note that these moduli spaces appear in the fibres over Equations (2.35) and (2.36), and the compatibility condition is that the restriction of the identification to such a boundary stratum agrees with the one previously made. Choose families of positive (respectively negative) strip like ends 
where the complex coordinates on B are given by its embedding in C. By construction, these strip-like ends are compatible with gluing. Since U {1} K−,K+ is naturally ordered via its identification with a union of real line, the points preceding or succeeding z in define subsets of the boundary: 
Lemma 2.9. The minimal element of K in I is (min K, +), and the maximal element is (max K, −). The minimal element of K ou I is (max I, +) and the maximal element is (min I, −).
2.3.
Strips with one input marked point. Let K be a nested sequence of totally ordered sets whose maximal element is K and minimal element is K 0 . 
To define the universal curve over this space, let min K ⊂ K denote the set of minimal elements of subsets of K lying in K , and max K the set of maximal elements. Assign to a sequence J ∈ K a subset of
The map of posets
Definition 2.11. The universal curve over A K ;in is the projection map
Similarly define T K ;in . By construction, these spaces are equipped with natural maps (2.50)
where, for the sake of consistency, the notation
is used. By construction, the following diagram commutes:
To describe the restriction of U K ;in to the boundary strata, it is convenient to introduce more notation: considering K as a totally ordered subset (with respect to inclusion), the natural maps from K to min K and max K respectively reverse and preserve ordering. This defines maps min and max from A K to A K , and pullback along these maps yields moduli spaces over A K (2.52) min
From the choices made in Section 2.1, the fibres are identified with unions of strips. Fix the induced family of positive strip-like ends ǫ + with values in max * U max K , and negative strip-like ends ǫ − with values in min * U min K .
Given an element J ∈ K , write K ≥ J and K ≤ J as before for the elements preceding and succeeding J. The boundary stratum of A K ;in labelled by K ∈ I ⊂ J is (2.53)
where the first factor is the cube on J
The pullback of the universal curves on the three factors of the space at the bottom left is then naturally isomorphic to the restriction of U K ;in . Equations (2.33)-(2.36) yield a more explicit description of the codimension 1 strata:
Lemma 2.12. The boundary of A K ;in is covered by the following codimension 1 strata:
The restriction of U K ;in to the first stratum is naturally isomorphic to U K \{I};in , and the restriction to the second is given by
Proof. Equation (2.58) corresponds the case when the coordinate labelled by I vanishes, and the other type of boundary stratum to the case this coordinate equals 1. In Equation (2.60), the projection from K Definition 2.13. The Adams moduli space with one output, A K ;ou is the cube
The cells of A K ;ou are given by pairs of subsets K 0 ∈ I ⊂ J ⊂ K , and the union of those strata for which I = K 0 correspond to the open subset A K ;ou . There is a natural map
which assigns to a sequence J ∈ K the pair (min J × {−}, max J × {+}).
Definition 2.14. The universal curve over A K ;ou is the projection map
Similarly define T K ;ou . By construction, these spaces are equipped with natural maps (2.66)
By pullback, Equation (2.37) determines families of strip like ends ǫ − and ǫ + , and a family of distinguished components which are trivialised by a map we still denote ι.
As in Equation (2.57), the boundary strata of A K ;ou and their images under µ ou fit in a commutative diagram:
For codimension 1 strata, the boundary of A K ;ou admits a natural decomposition as a union
and the fibres of U K ;ou are given by U K \I;ou and
Pullback defines strip like ends ǫ ± , an embedding ι ou of a strip into a distinguished component of each fibre, and subsets U 
Lagrangian Floer theory
3.1. Geometric assumptions. Let (X, ω) be a closed symplectic manifold, and π : X → Q a Lagrangian fibration. Let H and D be the space of Hamiltonian diffeomorphisms and all diffeomorphisms of X. Let J denote the space of ω-tame almost complex structures on X. Assume that π 2 (Q) = 0 which excludes the presence of holomorphic spheres in X. For any J ∈ J, there is a natural isomorphism of vector bundles T X ∼ = π * (T Q) ⊗ R C. In particular, there is a natural quadratic complex volume form η on T Q.
Assume that all Lagrangians are tautologically unobstructed in the sense that
and are graded with respect to η, i.e. the map L → RP 1 induced by η is null-homotopic, and that a lift of this null-homotopy to the universal cover of RP 1 is fixed. Whenever L and L ′ are both graded Lagrangians, and x ∈ L ∩ L ′ is a transverse intersection point, there is a well-defined Maslov index deg(x) ∈ Z as explained in [15, Section (12b)].
3.2. The Floer equation. Given a point q ∈ Q and a Lagrangian L, pick a Hamiltonian diffeomorphism φ so that φL which is transverse to
yields a holomorphic curve equation on B with Lagrangian boundary conditions
Given a pair of points (x, y) ∈ φL ∩ F q , denote by M q (x, y) the Gromov-Floer compactification of the quotient by translation in the R factor of B of the space of solutions to Equations (3.3) and (3.4) which in addition satisfy the asymptotic conditions:
For generic J, M q (x, y) is a manifold with boundary such that
and the codimension 1 strata of the boundary are given by the union (3.7)
If L and L ′ are graded Lagrangians which are transverse, and which both satisfy Condition (3.1), pick a family J t of almost complex structures such that J 0 = J L and J 1 = J L ′ , and which is constant in a neighbourhood of the point t = 1/2. To each pair x, y ∈ L ∩ L ′ , there corresponds a moduli space M(x, y) with boundary conditions given by L along R × {0} and L ′ along R × {1}. Equation (3.6) holds in this case as does the analogue of Equation (3.7). Finally, define K(x, y) to be the compactified moduli space of solutions to the Floer equation with one interior marked point lying on the interval R × {1/2}. This moduli space can be thought of as the continuation moduli space for a constant Hamiltonian family (see the next Section), and is the product of a closed interval with M(x, y), unless x = y, in which it case it is a point, corresponding to the constant solution.
3.3. Continuation maps. Let K be a totally ordered set. Definition 3.1. A consistent family of continuation data parametrised by U K is a map
obtained by gluing, and J K by perturbed gluing, and (iii) for each z ∈ U
Remark 3.2. Only the restrictions of ψ K and ψ K to U {1} K shall be used, so the reader may assume for simplicity that these maps (but not J) factor via the projection U K → T K .
From such consistent families, one can define, for each r ∈ A K , a holomorphic curve equation with moving Lagrangian boundary conditions:
the moduli space of solutions to Equations (3.10)-(3.11), which is addition satisfy the asymptotic conditions:
For a generic family J K , the Gromov-Floer compactification M q,K (x, y) is a manifold with boundary such that
The generalisation of Equation (3.7) is that the codimension 1 strata of the boundary come in two families:
Breaking of Floer strips is incorporated in the first case, corresponding to i = max K or i = min K. So the first strata project to the interior of A K or to the boundary stratum where the cube coordinate corresponding to i vanishes, and the second to the case where this coordinate equals 1.
Remark 3.3. Since the choice of data in Definition 3.1 takes place for a fixed K, there is a slight abuse of notation in Equations (3.16) and (3.17) , since the moduli spaces that appear are defined with respect to the Floer data restricted from U K . This issue will be addressed in Section 4, where such data will be chosen inductively so that there is no ambiguity in the description of the boundary strata.
Continuation in a prism. Let L
+ and L − be graded Lagrangians which are transverse, and which both satisfy Condition (3.1) for almost complex structures J L + and J L − . Let K − , K + be subsets of K × {−, +} as in Section 2.2.
Definition 3.4.
A consistent family of continuation data in a prism parametrised by U K is a map
such that (i) the restriction to every end is constant, (ii) J K−,K+ is obtained by perturbed gluing and the other maps by gluing in a neighbourhood of each boundary stratum, and
We obtain, for each r ∈ A K−,K+ , a holomorphic curve equation ∂ s u(z) = J(z)∂ t u(z) with moving Lagrangian boundary conditions Figure 6 . A schematic picture of the holomorphic curve problem for curves over
3.5. Continuation with one input. Let K − and K + be subsets of Σ such that max K + ≤ min K − , and let L and L ′ be graded Lagrangians satisfying Condition (3.1) for almost complex structure J L and J L ′ . In the setting of the previous section, set
to be the moduli space of solutions to Equations (3.20)-(3.21), which in addition satisfy the conditions:
For a generic family of parametrised Floer data, the Gromov-Floer compactification
is a manifold with boundary such that
If K is a nested sequence of subsets of K, with minimal element K 0 , let
(see Equation (2.44)). For generic Floer data, this is a manifold with boundary such that
The boundary decomposition of A K ;in leads to the following decomposition of the bound-
Lemma 3.5. Assume that K consists of |K| elements, and that dim R M q, K ;in (x ′ ; x in , x) = 1. The only contributions to the stratum in Equation (3.31) are given by I such that (i) max I = max K and min is injective on K ≥ I , in which case the boundary contribution is:
or (ii) min I = min K and max is injective on K ≥ I :
or (iii) I = K \ {i}, for i = min K, max K, in which case the corresponding stratum is
Proof. Under the assumption on K , successive elements of this sequence differ by exactly one element of K, yielding a bijection between K ≥ I and K/I. In this case, the map
is submersive in the interior unless all element of K ≥ I have the same maximum or minimum. This implies that the fibre product in Equation (3.31) necessarily has non-vanishing dimension unless either max I = max K or min K = min I, and the map on the other factor is injective.
To arrive at Equations (3.33) and (3.32), we note that, whenever max
consist of a single element, the corresponding rigid moduli spaces in Equation (3.31) consist only of constant solutions, hence these factors are omitted. In the case where both max I = max K and min K = min I, A min K × A max K is a point, so injectivity implies that A K ≥ I consists of two elements, hence that I is the penultimate element of K , leading to the stratum in Equation (3.34).
3.6. Continuation with one output. Let K − and K + be subsets of K such that min
the compactified moduli space of solutions to the Cauchy Riemann equation determined by such data, with asymptotic conditions
If K is a sequence of nested subsets with minimal element K 0 and maximal element K, let M q, K ;ou (x, x ou ; x ′ ) be the pullback of M q,K ou K 0 (x, x ou ; x ′ ) under the projection map from
. This is a manifold with boundary such that
The boundary decomposition of U K ;ou leads to the following decomposition of the boundary Figure 7 . A schematic picture of the holomorphic curve problem for curves over A K
We also have the analogue of Lemma 3.5:
Lemma 3.6. Assume that K consists of |K| elements, and that dim R M q, K ;ou (x, x ou ; x ′ ) = 0. The only contribution to the stratum in Equation (3.43) is given by I such that (i) max I = max K 0 , and min is injective on K ≤ I : (3.44)
or (iii) I = K 0 ∪ {i}, for i = min K, max K, in which case the corresponding stratum is 
so that the closure of J i lies in the interior of J i+1 .
Let H 0 be a contractible neighbourhood of the identity in the space of Hamiltonian diffeomorphisms such that
, where the action is by pushforward. Given a subset W ∈ Q 2 , define
to be the subset consisting of triples (p, q, φL, ψ) such that
and similarly for L ′ . Dropping the first condition yields a family D(L) over L, and dropping the second, a family D W over W . For a fixed element of L, write
For all q ∈ Q, pick φ q ∈ H 0 so that φ q L is transverse to F q . Since Q is compact, there is a finite cover U of Q and maps φ U , φ
Moreover, if the elements of U are sufficiently small, there is a sequence of neighbourhoods
Pick a partially ordered set Σ labelling the vertices of a simplicial triangulation of Q which is sufficiently fine that, for each element i ∈ Σ, there is an integral affine polygon P i containing the open star of the vertex q i ∈ Q, and contained in U ∈ U whenever q i ∈ U , such that (4.9)
i . Fix a basepoint q i ∈ P i for each i ∈ Σ, and write q I for q max I . Choose generic families
and all moduli spaces of Floer trajectories M qi (x, y) and M qi (x ′ , y ′ ) defined with respect to these families of almost complex structures are regular if
where the first and last maps are constant, and similarly for Φ ′ i . Moreover, pick sections (4.12)
In order not to increase the awkwardness of the notation, we shall adopt the following conventions: let Z be a topological space. Given maps
with Φ = (φ, J, ψ), use pushforward and composition (pointwise in Z) to define (4.14)
Also, write Ψ −1 for the pointwise inverse of Ψ.
4.2.
Locally constant families of continuation maps. Pick a map (4.15)
for each totally ordered subset I of Σ, which is the identity on {q I } × U I and continuation data (4.16)
Remark 4.2. The remainder of this section is likely to be less incomprehensible if the reader keeps in mind the holomorphic curve problem on the moduli space U I is defined with Lagrangian boundary conditions F I over the boundary labelled 0. The map Ψ I is introduced to transport this holomorphic curve problem to nearby fibres.
In addition to the conditions imposed on Φ I in Definition 3.1, assume that the restrictions of (Φ I , Ψ I ) agree with
Moreover, on the boundary of each fibre, Proof. Proceed by induction on the number of elements of I. In the base case, |I| = 2 so A I is a point, U I = B, and U {1} I ∼ = R . Pick a map φ I which agrees with φ min I and φ max I at the two ends. Then pick ψ I agreeing with Id near the negative end and with ψ min I (q I ) near the positive end, and so that ψ I (φ I (z)L) = φ I (z)L for all z ∈ U {1} I . Note that both values at the endpoints lie in D 1 , so such a path may be chosen in D 1 by the assumption that the forgetful map from D k (L) to L is an acylic fibration. Also choose a family of almost complex structures J I whose pullback under the negative end is J max I and under the positive end is (ψ min I (q I )) * J min I , and which agrees with (ψ I • φ I ) * J along U {1} I . Since all these almost complex structures lie in J 1 , the image of J I may be required to also lie in J 1 since this space was assumed to be contractible. Pick a map Ψ I on P I × U I subject to the condition that along the ends, Equations (4.17) and (4.18) hold. These constraints imply that the image of Ψ I along the ends lies in D 2 ; extend it to a map from P I × U I to D 2 , with the requirement that Equations (4.22) and (4.23) hold along the two boundaries of the strip. This completes the base case.
Given an ordered subset K of Σ, assume by induction that continuation data and families of diffeomorphisms for all subsets I of K which satisfy Equations (4.18)-(4.23) have been chosen. Define (Φ K , Ψ K ) along the boundary strata of U K using Equation (4.19)-(4.21). The inductive hypothesis for (Φ I , Ψ I ) implies that this construction, which is a priori defined only on each separate top-dimensional cell of the boundary of U K , restricts to the same map on each codimension 2 cells, hence defines a map from the boundary of U K . Moreover, the conditions imposed on the ends in Equations (4.18)-(4.23) show that the restriction of these data to an end of a component of a fibre in U K which is labelled by i ∈ K is given by
One can therefore use gluing to extend these data from the boundary of U K to its interior as follows: first pick the extension Φ K by gluing with image in H 0 . Then pick the extension ψ K by gluing which preserves the Lagrangian boundary conditions, and whose restrictions to the positive and negative ends are respectively given by ψ min K (q K ) and the identity. By induction, the images of ψ I and Ψ I both lie in D Since this space is contractible, choose an extension to a map Ψ K defined on U K . Construct this map by gluing in a neighbourhood of the boundary strata, requiring in addition that Equations (4.17) and (4.18) hold along the ends and Equations (4.22) and (4.23) along the boundary; these properties can be achieved given the assumptions on the acyclicity of D Denote the pushforward Ψ K * Φ K by:
The conditions imposed on φ K in the previous section imply that, for each q ∈ P K , Φ P K (q) is a compatible family of continuation data in the sense of Definition 3.1. For each k ∈ K, the diffeomorphism ψ k (q) maps F k to F q , and preserves φ k L, hence maps a point
When there is no ambiguity, we shall write M K (x, y) for this moduli space. Fix generic choices of continuation data Φ K , for which all such moduli spaces are regular. 
Moreover, on the boundary of each fibre, the following conditions hold:
The existence of such data again follows from an inductive argument on the number of elements of I − and I + , as in the proof of Lemma 4.3.
The pushforward of Φ I−,I+ by Ψ I−,I+ defines a map
, where x ′ (q) and x(q) are the images of x ′ and x under ψ ′ max I− (q) and ψ min I+ (q). By construction, composition with Ψ I−,I+ (q) yields a homeomorphism (4.41)
We choose the continuation data generically so that all such moduli spaces are regular.
4.4.
Locally constant continuation maps in a prism: output. As in Section 4.4, assume that I − and I + are totally ordered subsets of Σ such that min I + ≥ max I − .
Remark 4.6. Figure 7 , and the fact that the holomorphic curve problem on the moduli space U I−,I+ in the presence of an output along the boundary is defined with Lagrangian boundary conditions F min I+ may be helpful in understanding the construction.
Pick a continuation datum with outputs Φ I−,I+ , and a family of diffeomorphisms Ψ I−,I+ which are obtained by gluing and agree with the identity on {q min I+ } × U I−,I+ : On the boundary of each fibre:
It is crucial at this stage that P I was required to include the closure of the open star of the cell corresponding to I, as expressions of the form Ψ I (q i ), with i an arbitrary element of I, must be defined.
, and x ′ ∈ φ min I+ L ′ ∩ F min I+ , the data Φ P I−,I+ (q) yield a moduli space M q,I−,I+ (x(q), x ou ; x ′ (q)), for each point q ∈ P max I+ , where x(q) and x ′ (q) are the images of x and x ′ under ψ max I− (q) and ψ 
4.5.
Moduli spaces associated to cells of Σ. Combining the discussions of Section 2.3 and 3.5, yields a moduli space
whenever q ∈ P max K , by taking the fibre product of
. Given a totally ordered subset K of Σ, define
where the moduli spaces on the right are glued along the boundary strata obtained by omitting an element of K . This moduli space is again independent of q by applying the homeomorphism in Equation (4.41), so it is denoted M K;in (x ′ ; x in , x). This moduli space is parametrised by a manifold of dimension |K|− 1, obtained by taking the union of the spaces A K ;in , for K a maximal length sequence with largest element K, glued along the boundary strata in Equation (2.58). Assuming that all its strata are defined using regular continuation data, the dimension of the interior is
Proof. The description of the boundary of the moduli space follows from Lemma 3.5. The key point is that M K;in (x ′ ; x in , x) is obtained by gluing the moduli spaces M K ;in (x ′ ; x in , x) along the strata given in Equation (3.30), so these correspond to the boundary. The strata in Equations (3.32)-(3.34) correspond to Equations (4.61)-(4.63).
There are parallel results for moduli spaces with outputs:
. Given I ∈ BΣ, form the union
As this moduli space is independent of q, denote it M I;ou (x, x ou ; x ′ ). For generic data, the interior is a manifold of dimension Lemma 4.8. If this dimension is 1, then M I;ou (x, x ou ; x ′ ) is a 1-dimensional manifold with boundary
5. Moduli space of degenerate annuli 5.1. Dual and pair subdivisions. As in Section 4.1, let Σ denote a partially ordered set labelling a simplicial triangulation of Q. In particular, every maximal totally ordered subset of Σ consists of n + 1 elements. Given a totally ordered subset J of Σ, denote by σ J the corresponding simplex included in Q. The barycenters of the top dimensional simplices are the vertices of the dual subdivision, corresponding to the partially order set Σ ∨ which is obtained from Σ by reversing the order; writeσ J for the cell dual to σ J . This cell can be realised as the polyhedron associated to the partially ordered set {K|J ⊂ K} equipped with the ordering which reverses inclusions (i.e. J is the unique maximal element of this ordering, and corresponds to the top dimensional face). In particular,
The pairs subdivision P Σ of Σ is the partially ordered set whose elements are nested pairs I ⊂ K of totally ordered subsets of Σ. The cells associated to totally ordered subsets of P Σ correspond to pairs of intersecting cells associated to totally ordered subsets of Σ and Σ ∨ . Moreover, these cells are cubes: this can be seen geometrically by considering the dual subdivision of a simplex, or algebraically by noting that the maximal elements of P Σ are pairs {i} ⊂ K, where K has length n + 1: the corresponding cell of Q is associated to the set of elements preceding this pair, which consists of all pairs I ⊂ J contained in K and containing i. This is exactly the totally ordered sets associated to the cube on the set K \ {i} as such a pair corresponds to the face in which all coordinates labelled by I \ {i} vanish, while those corresponding to K \ J equal 1.
5.2.
The pairs barycentric subdivision. Let BΣ denote the barycentric subdivision of Σ whose elements are totally ordered subsets, and whose partial ordering is given by inclusion. Denote a totally ordered subset of BΣ by I , and the corresponding simplex by σ I .
Let P BΣ denote the pairs subdivision of the barycentric subdivision, which will henceforth be called the pairs barycentric subdivison. Cells correspond to pairs I ⊂ J where J is a totally ordered subset of Σ. Write σ I ⊂ J for the corresponding cube embedded in Q.
Let I 0 and J 0 (respectively I and J) denote the minimal (respectively maximal) elements of I and J . There are natural maps 
Lemma 5.1. If I = {I} the product map is a bijection:
Proof. By construction, σ I ⊂ J is the cube on J \ I, whereas A J 
Composing Equation (5.2) with the maps defined in Equation (2.48) yields maps
Degenerate annuli over a cell of the pairs barycentric subdivision. Given a pair I ⊂ J , define
For each cell of the pairs barycentric subdivision, this defines maps
which, at the level of partially ordered sets, are given by
Define the universal curve C
to be the union of the pullback of the universal curves of each factor.
by the product of µ ou , max, min, and µ in .
The reader should consult Figure 9 which shows how to interpret the fibre of C ∞ (σ I ⊂ J ) as a degenerate annulus by arranging its constituent strips end-to-end.
Given a pair of strata 
O O µin h h P P P P P P P P P P P P P P P
On the other hand, the maps min and max fit into the diagram (5.13)
The maps on the bottom row are inclusions of boundary strata, and the universal curve over the left and right products of Adams path spaces restrict to the natural universal curve in the product in the middle. In particular:
Lemma 5.3. There is a natural identification
The above result implies the existence of a family of degenerate annuli over Q
whose restriction to each top-dimensional cell of the pairs barycentric subdivision is naturally isomorphic to µ *
. The boundaries of the fibres will be denoted
and have natural marked points z in and z ou , which induce a decomposition
coming from the decompositions of U 
Over a codimension 1 stratum, the restrictions of these maps agree under the natural identifications; for the first map, this follows from Equations (4.31)-(4.36), while for the second map this follows from the analogous conditions imposed in Equations (4.46)-(4.51). Taking the union over all top-dimensional cells, we obtain a map
to be the moduli space of finite energy maps from a fibre of C ∞ (σ I ⊂ J ) to X such that (5.24) and which converge to x in and x ou at the ends. The virtual dimension of this space is
Since the Floer data on each component of a fibre of C ∞ (σ I ⊂ J ) were chosen generically in Sections 4.2, 4.3, and 4.4, this moduli space is empty whenever the virtual dimension is negative. Assuming that deg x ou = deg x in , all moduli spaces are therefore empty, except those for which dim σ I ⊂ J = n, i.e. I = {I}, and J has length n + 1. Define
and denote the component consisting of curves whose boundary is null-homologous by
denote the components consisting of curves u such that [∂u] = γ (in both cases, use the path from x to x ′ to define this homology class).
is a 0-dimensional manifold, which agrees with its Gromov-Floer compactification, and admits a decomposition 
Define the continuation data
to be the composition of Φ ∞ Q with the gluing map.
If V I 1 ⊂ J 1 is a neighbourhood of σ I 1 ⊂ J 1 whose intersection with every cell σ I ⊂ J lies in
to be the union of the restrictions
glued along the natural identifications across strata of the pairs barycentric subdivision.
The compatibility of the Floer data across strata yields maps
6. Cardy's relation 6.1. Moduli of smooth annuli over Q. Let C → [0, ∞) be the family of curves over the positive real line whose fibre at S is the annulus
where the left hand side is equipped with coordinates (s, t) and complex structure j∂ s = ∂ t , and the identification is via the coordinates e −2π t+is 4S . For S = 0, the fibre is the unit disc. Let C S denote the fibre over S. Given any subset U ⊂ Q, let
denote the pullback of this family of annuli via projection to the first factor, with C S (U ) the fibre over S. We write C {0} (Q) for the family of circles over C(Q) corresponding to R/4SZ×{0}, C zin<zou (Q) for the family of intervals (0, 2S)×{1}, and C zou<zin (Q) for the family of intervals (−2S, 0)× {1}. Let C {1} (Q) denote the union of these intervals. Fixing an identification of the complement of ±1 in the unit disc with the strip B, mapping ±1 to ±∞, defines positive and negative strip-like ends on neighbourhoods of {z in , z ou }. Choose a family of strip-like ends
covering neighbourhoods of z in and z ou , which agree with these strip-like ends for S close to 0, and agree with the ends obtain by gluing whenever S is sufficiently large. Fix an open cover {V I ⊂ J } of Q whose closures V I ⊂ J satisfy (see Figure 10 ) 
The construction of gluing parameters is compatible with inclusions of strata by Equation (2.14), so we obtain a continuous map
If σ I 1 ⊂ J 1 ⊂ σ I ⊂ J , the product of Equation (5.31) with the choice of a map g C on V I ⊂ J yields a map (6.11)
Since the space of choices is contractible, such a map may be extended to a map on
Proceeding by descending induction on the dimension of σ I ⊂ J shows:
There is a choice of annulus gluing maps g C restricting to g C ∞ on the boundary, and which extends the map in Equation (6.11) for every nested pair.
6.3.
Gluing maps from degenerate to smooth annuli. Let V I ⊂ J be a neighbourhood of σ I ⊂ J as in the previous section. Recall that the components of the fibres of C ∞ I ⊂ J (V I ⊂ J ) over a point in V I ⊂ J are identified with strips, and have ends labelled by (min I 0 , max I 0 ), (min I, max I), or successive elements of either min I or max I .
Since the closure of V I ⊂ J does not intersect any cell which does not include σ I ⊂ J , the Floer data are constant outside the union of the finite strips
whenever S is large enough, where i < j are successive elements of min I or max I in the last equation.
Restricting the embeddings ι in and ι ou , defines maps (6.16) where the image of the second map is [2S − g
To define the embeddings corresponding to the other components of C
for j ∈ min I and define the embedding in R/4SZ × [0, 1]
for successive elements min I 0 = i < j of min I . Since R min I (v, S) = 2S by assumption, these embeddings intersect only on the boundary, and their images cover the finite strip (6.19) [g
and consider the embedding
The union of these strips is (6.22) [−2S + g
. Note that the annulus is covered by the images of Equations (6.15), (6.16), (6.19), and (6.22). Collapsing the infinite ends of each strip containing the domains of Equations (6.15), (6.16), (6.18), and (6.21) to the corresponding boundary interval, yields a surjective map
6.4. Floer data on annuli. Floer data on annuli are given by a map
such that (i) the pullback of Φ Q under ǫ in and ǫ ou agrees with (Id, J t , Id), (ii) the restriction of J Q to C zin<zou (Q) agrees with the pushforward of J under ψ Q , and (iii) the restriction of J Q to C zou<zin (Q) agrees with the pushforward of J ′ under ψ Q . By gluing, Φ ∞ I ⊂ J induces Floer data Φ I ⊂ J on a neighbourhood of S = ∞ in C(V I ⊂ J ) by requiring the commutativity of the diagram
whenever S is sufficiently large. The maps (φ Q , ψ Q ) are said to be obtained by gluing if their restriction to C S (V I ⊂ J ) agree with (φ I ⊂ J , ψ I ⊂ J ) whenever S is sufficiently large. As in the case of strips, a more general class of almost complex structures is needed. Define the R-thick subset of C(V I ⊂ J ) to be the union of the images of [−R, R] × [0, 1] under the maps in Equations (6.15), (6.16), (6.18), and (6.21). A section of the pullback of T J by J I ⊂ J is consistent if it is supported in the interior of the R-thick part, and it vanishes to infinite order at S = ∞. 
There is a natural embedding C S (Q) ⊂ C 0 (Q). Say that Floer data (φ Q , J Q , ψ Q ) are obtained by gluing near S = 0 if they agree with the restriction of the above data for S sufficiently small. This agrees with the usual notion of gluing under the assumption, made in Section 3.2, that J t is constant in a neighbourhood of t = 1/2. Such data are obtained by perturbed gluing if there is a compact subset of the interior of the punctured disc wherein the almost complex structure agrees with the restriction of the almost complex structure J 0 Q up to a perturbation which vanishes to infinite order at S = 0.
Choose Floer data (φ Q , J Q , ψ Q ) which are obtained by perturbed gluing near S = 0 and S = ∞, and whose pullbacks under the strip-like ends ǫ ± agree with the restrictions of (φ
x in ) to be the union over q ∈ Q of the space of finite-energy maps from fibres of C S (Q) to X with boundary conditions (6.28) and which converge to x in and x ou at the ends. Let
which is topologised as a parametrised moduli space over Q × [0, ∞).
is a smooth manifold and
Proof. The formula for the virtual dimension is a special case of [15, Section 12c] . The assertion that generic Floer data yield smooth moduli spaces follows from [7, Theorem 5.1].
Denote the space of annuli such that the image of the boundary component mapping to a fibre is null-homologous by
(x ou ; x in ) denote its Gromov-Floer compactification:
(x ou ; x in ) is a compact 1-dimensional manifold if the data are chosen generically, and its boundary is stratified as follows:
Proof. Having excluded interior sphere bubbling by a topological assumption, and disc bubbling by the careful choice of almost complex structure along the boundary, the virtual dimension of all strata of the Gromov-Floer compactification is negative if deg x ou < deg x in , so the regularity of the choices of Floer data implies that they are empty. If deg x ou = deg x in , the only strata which do not have negative virtual dimension are those given in the statement. The first and last stratum respectively correspond to S = 0 and S = ∞, and the middle two correspond to breaking along the ends.
The proof that M (x ou ; x in ) is a manifold with boundary follows from a standard gluing argument. For S = 0, this takes the form of interior gluing of the element of K(x ou ; x in ) with the family of constants (ghost) discs on fibres of π. For S = ∞, there is a natural projection map
Choose an open subset V I ⊂ J containing the image of a map u in the left hand side. The gluing description of Floer data on C(V I ⊂ J ) yields a gluing chart near this boundary point.
7. Twisted sheaves of perfect complexes 7.1. The rigid-analytic T -dual. Let Σ be a partially ordered set, labelling a sufficiently fine simplicial triangulation of Q as in Section 4, and let P i ⊂ Q be sufficiently small integral affine polygons such that P j ⊂ P i whenever i < j. Given I ∈ BΣ, let (7.1)
We fix basepoints q i ∈ P i , which induce basepoints q I ∈ P I . The affine structure on Q defines an embedding of P i in T qi Q, which we identify with H 1 (F i , R), where F I is the fibre at q I . Denote the image of every point q ∈ P i in H 1 (F i , R) by q − q i . Whenever i < j, parallel transport yields an affine map, taking the origin to q j − q i :
Let k be a field, and Λ the associated universal Novikov field
This is a non-archimedean field, whose non-zero elements, denoted Λ * , are equipped with a valuation that assigns to a non-zero series the exponent of its leading order term.
Let Y I denote the inverse image of P I under the valuation map from H 1 (F I , Λ * ) to H 1 (F I , R). Since Λ * splits as R × U Λ , the affine isomorphism in Equation (7.2) induces an isomorphism mapping Y j to Y i .
Definition 7.1. The rigid-analytic T -dual of X is the quotient
where the equivalence relation is induced by Equation (7.4).
Each Y i is an affinoid domain, equipped with the ring of regular functions consisting of Laurent series on H 1 (F i , Z) which converge in Y i :
Since Equation (7.2) maps P j to P i , the inclusion
The space Y is therefore a rigid analytic space in the sense of Tate. Given
7.2. The twisting cocycle. Let X I denote the inverse image of P I in X. Fix Lagrangian sections τ i : P i → X i Moreover, choose functions f ij : P ij → R such that fibrewise addition by df ij agrees with the transition map between the restrictions of τ i and τ j to P ij . We obtain a function
If v ijk is aČech representative of a class v ∈ H 2 (Q; Z 2 ), define
Denote the corresponding cohomology class by α v ∈ H 2 (Y, O * ). Given a pair (I, J) of ordered subsets of Σ such that min J = max I, it is convenient to introduce the notation 2. An (α v ) −1 -twisted pre-sheaf of perfect O Y -modules consists of (i) a finite rank graded free O i -module F(i) for each i ∈ Σ and (ii) a degree 2 − |I| map (7.12)
for each I ∈ BΣ. These data are required to satisfy the equation:
Remark 7.3. The sign conventions used are those of [15] . At the cohomological level, the justification for the terminology is given in [2, Section 2.4], though the reader should be aware that the cocycle is on the wrong side of [2, Equation (2.33)]): from an algebraic point of view, the natural definition consists of maps G I satisfying (7.14)
i =min I,max I (−1)
a.
where i ± are respectively the elements of I immediately preceding and succeeding i. These two notions are equivalent by setting
If F ij is a quasi-isomorphism, we call such an object an (α v ) −1 -twisted sheaf of perfect O Ymodules. Henceforth, we shall call such objects sheaves, specifying α v only when necessary for clarity.
Sheaves form a differential graded category, with morphisms given by
where F(max I) is an O min I -module via restriction. Decomposing every element T of this direct sum as T = I T I , the differential is:
For a summand T I , we may rewrite the above as
The composition of morphisms in this category is given, on an element a of the component of Hom(F, F ′ ) corresponding to a totally ordered subset I, by the formula
8. Floer cochains and morphism of sheaves 8.1. Relative Pin + structures and orientation lines. Let L and L ′ be graded Lagrangians as in Section 3.1. In order to work over a field of arbitrary characteristic, assume that the class w ∈ H 2 (Q, Z 2 ) is the second-Stiefel Whitney class of a vector bundle E. We require that (8.1) the restrictions of π * w to L and L ′ respectively agree with w 2 (L) and w 2 (L ′ ).
Remark 8.1. The most important cases of interest in are the trivial case and w = w 2 (Q). As in [10] , one can drop the condition that w be a Stiefel-Whitney class: the restriction of w to the 3-skeleton may be represented as the second Stiefel-Whitney class of a vector bundle.
Since an orientation is a discrete datum, the uniqueness up to homotopy of a retraction from a 2-dimensional complex to the 3-skeleton suffices to establish consistency of orientations, and no higher coherence is required, even in the parametrised setting.
Pin + structures which we fix; this is the choice of a relative Pin + structure. Given an intersection point x ∈ L ∩ L ′ , pick a path γ x of linear Lagrangian subspaces of T x X starting at T x L and ending at T x L ′ , in the homotopy class prescribed by the graded lift of these Lagrangian subspaces (see [15, Section (11j) ]). We obtain a vector bundle over the interval with fibre γ x (t) ⊕ π * E. The choice of relative Pin + structures on L and L ′ yields Pin + structures on the restrictions of this bundle to 0 and 1. Let ν x denote the free abelian group generated by the two choices of extensions of this Pin + structure on the boundary to the interior, with the relation that their sum vanishes. Let o x denote the determinant line of the Cauchy-Riemann operator on complex linear maps from C to T X with Lagrangian boundary conditions γ x (t) (extended by L and L ′ outside the interval), and |o x | its orientation line. We define
For each vertex i of the triangulation Σ of Q, fix a Pin + structure on T * qi Q ⊕ E qi . By the isomorphism of the tangent space of fibres with the cotangent space of the base, this induces such a structure on
For each pair i < j in Σ, fix a Pin + structure on the restriction of T * Q ⊕ E to the corresponding edge σ ij of the triangulation of σ, which agrees with the Pin + structure chosen on the ends. Given a triple i < j < k in Σ, there is a canonical homotopy between σ ik and the concatenation of σ ij and σ jk . Define aČech cochain with coefficients in Z 2 : Proof. The corresponding formula for orientable vector bundles is well-known, see e.g. [13] . The general case follows from the existence of a canonical isomorphism between the set of Pin + structures on a bundle E and Spin structures on (det E) ⊕3 ⊕ E, see [12] .
Let x i ∈ L ∩ F i be an intersection point. The family of Cauchy-Riemann operators associated to x i (q) ≡ ψ i (q)(x i ) and the choice of Pin + structure on the restriction of T * Q⊕E to an edge σ ij , define a local system over σ ij whose fibre at q is δ xi(q) , hence a map
Given a simplex σ ijk , the map δ xi → δ xi(q k ) defined by σ ik agrees with the composition
if and only if the Pin + structure on the restriction of T Q ⊕ E to the boundary of σ ij extends to the interior. From Lemma 8.2, we conclude: 
such that the section corresponding to x is obtained by fiberwise addition of dg x to τ i . This choice determines a path on F i from x to the basepoint. Given a map u from a strip to X, with one boundary component mapping to F i converging at both ends to intersection points with φ i L, define
to be the homology class of the loop in F i obtained by concatenating the restriction of u to the boundary component mapping to F i with the paths from these intersection points to the basepoint. Assume that u satisfies a holomorphic curve equation with moving Lagrangian boundary conditions along R × {1} given by a Hamiltonian family φ s , parametrised by s ∈ R. Let (8.9) H : R × M → R be the Hamiltonian generating this family, normalised so that integral of H s with respect to a fixed volume form vanishes. Define the energy of u to be
The main result about energies of strips that shall be used is [2, Lemma 3.2]: if the boundary arc along F q converges to intersection points x and y, and x ′ and y ′ are the corresponding intersection points of L with a nearby fibre F q ′ , then
whenever u ′ be a curve with boundary conditions L and F q ′ , which is homotopic to the concatenation of u with the strip with boundary conditions L, F q , and F q ′ determined by the lifts of the functions g x and g y .
A generalisation of this result to annuli shall be required: fix the normalised Hamiltonian H : C(Q) → R generating a moving path of Lagrangians along the boundary of C(Q). For a fibre in A S (x ou ; x in ), we obtain an expression for the energy
Extending this map to A ∞ (x ou ; x in ) by the sum of the energies of each constituent strip yields a real-valued function E on A [0,∞] (x ou ; x in ), which is easily seen to be locally constant if the boundary condition F q is fixed. If we change boundary conditions, Equation (8.11) implies that the energy of (nearby) curves in A ∞ (x ou ; x in ) with boundary on F q and F q ′ differ by q ′ − q, γ , where γ is the homology class of the boundary in H 1 (F q , Z). This implies that the energy is locally constant on A (x ou ; x in ).
8.3. Local construction. Given i ∈ Σ, we recall in this section the construction of an O i -module F(L) associated to the Lagrangian L: given a pair of intersection points x i , y i ∈ F i ∩ φ i L and an element u ∈ M qi (y i , x i ), denote the orientation line of the linearised Cauchy-Riemann operator at u by
where the absolute value symbol stands for the line of orientation, and |V | ∨ is the dual line. Index theory determines a canonical isomorphism (see [15, Remark 11.6] ):
Assuming that deg(y i ) = deg(x i ) + 1, the moduli space M(y i , x i ) consists only of rigid curves, and ker D u is 1-dimensional, which implies that it is generated by translation in the s-direction. Fixing the orientation of this kernel corresponding to the positive direction, yields a map
The family Floer module and the differential are given by
That this map is well-defined (i.e. the expression u∈M(yi,xi) T E(u) z [∂u] gives a function in O i ), is a consequence of Gromov compactness, as first noticed by Fukaya [9] , see [2, Proposition 3.3].
8.4. From local to global. Let K be a totally ordered subset of Σ. Given
There is a natural isomorphism
Assuming that deg(x max K ) = deg(x min K ) + 2 − |K|, rigidity yields an isomorphism
by fixing (i) the isomorphism in Equation (8.5) and (ii) the orientation of A K arising from its description as a product of intervals, and the ordering on K. Define
This map is convergent by [2, Proposition 3.11].
There is a natural bijection between the boundary of the 1-dimensional moduli spaces M K (x max K ; x min K ), given in Equations (3.16)- (3.17) , and the terms of Equation (7.13):
To conclude that Equation (7.13) holds, it suffices to show that the coefficient of each term is correct, i.e prove the cancellation of the terms in Equation (7.13) which have as coefficient a fixed monomial. Fix an energy E and a homology class β ∈ H 1 (F qmax K , Z), and let M E,β qmax K ,K (x max K ; x min K ) be the corresponding component of the moduli space.
Lemma 8.5. The contribution to Equation (7.13) of every boundary stratum of M E,β 
Every rigid curve u ∈ M(y, x) defines a map ∂ u : δ x → δ y , yielding the differential
as in Section 4.5. Each element of the right hand side is a parametrised moduli space
If | K | = |K|, subsequent elements of K differ by one element of K. We fix the orientation of A K ;in coming from the ordering of these elements. Together with the isomorphisms in Equation (8.5) , this results in a natural isomorphism (8.32) and denote the direct sum of these maps by
The boundary strata of M K;in (x ′ max K ; x in , x min K ) listed in Equations (4.60)-(4.63) are matched with the terms appearing in the equation for a chain map with respect to the Floer differential and the differential in Equation (7.16) as follows:
As in Lemma 8.6, this implies that C is a chain map.
8.6. FromČech to Floer. Let I be a totally ordered subset of Σ. Given x
as in Section 4.5. Each stratum of the right hand side is a parametrised moduli space over A K ;ou . If | K | = n − |I| + 2, subsequent elements of K differ by one element of the maximal element of K . Fix the orientation of A K ;ou coming from the ordering of these elements. Together with the isomorphisms in Equation (8.5), this gives a natural isomorphism
), the trace of the composition with ρ u yields a map
Using the fact that Laurent polynomials are dense, one defines a map define the components of a map P to the Floer complex: To establish that P is a chain map, it is convenient to use the expression for the differential on morphisms of sheaves given in Equation (7.16), which yields the equation 
Lemma 8.7. P is a chain map.
Sketch of proof:
To check the coefficients, restrict to the subset of M I;ou (x min I , x ou ; x ′ max I ) consisting of curves with [∂u] = γ. The coefficient in Λ of each term in P is given by the energy of the corresponding curve with one boundary condition on the fibre F I . We conclude that the first and last lines in Equation (8.44) also have coefficients given by the energy of corresponding broken curve. The remaining two cases require the argument used in Lemma 8.5 and Equation (8.11) . We consider only the case corresponding to the term P J∪I (φ • F J (L ′ )), leaving the other to the reader. Let u be a curve contributing to F J (L ′ ). The coefficient E(u) appearing in Equation (8.23 ) is the area of a curve with boundary on F max J . The difference with the area of the corresponding curve with boundary on F max I is given by (8.45) q J − q I , [∂u] + g xmax J (q J ) − g xmin J (q J ) + g xmin J (q I ) − g xmax J (q I ).
The first term appears when changing coefficients from z I to z J , i.e. 
is given on δ xin by counts of elements of C induced by degenerating the domain of the linearisation of the Cauchy-Riemann operator at u to the union of two discs meeting at a point, and noting that one of those discs has Lagrangians boundary condition T F q , hence has determinant line naturally isomorphic to T F q . Using the isomorphism T X ∼ = T Q ⊕ T F q , we conclude that every rigid element induces a map δ xin ∼ = δ xou . By construction, this map agrees with that defined by rigid elements of K(x ou ; x in ). However, the orientations at C Appendix A. The family Floer functor A.1. The A ∞ structure. Let L → X be a closed Lagrangian immersion in X in generic position, i.e. so that L meets itself in pairs of transverse double points. Assume that (i) L is tautologically unobstructed; i.e there exists a tame almost complex structure for which there are no J L holomorphic maps D 2 → X such that the complement of one point on the boundary lift to L, (ii) L is a graded Lagrangian, i.e. there is a fixed lift to R of the S 1 -valued phase on L and (iii) the pullback of w ∈ H 2 (X, Z 2 ) agrees with w 2 (L).
Remark A.1. The union of a finite collection of transverse immersed Lagrangians in generic positions which satisfy these conditions for the same J L again satisfies these properties. The constructions of this section can be carried out for different almost complex structures, but the notation becomes more cumbersome.
Choose a Hamiltonian H : X → R whose time-t flow φ t lies in the contractible set H (φ d+1 , J d+1 ) :
(z)J L whenever z lies on the boundary of a fibre, (ii) the pullback of (φ d+1 , J d+1 ) under the strip-like ends agrees with (φ, J).
Remark A.2. It is only for notational convenience that φ d+1 is defined as a map on U d+1 , since only its values on the boundary of each fibre will ever be used. The fact that H 0 is contractible implies that there is no obstruction to extending a function to H 0 .
Given a sequence {x j } denote the moduli space of maps from a fibre Σ of U d+1 to X such that
and u converges at the k th strip-like end to x k . These moduli spaces are regular for generic choices of almost complex structures J d+1 , and a choice of orientation of R d+1 yields a map (A.4)
whenever u is rigid. Define the A ∞ structure on CF * (L) to be given by the operations (A.5)
A.2. Adams moduli spaces with d marked points. Let K be a totally ordered set, and U K the universal curve over A K from Definition 2. The direct sum of these maps over all K will be denoted (A.36)
Recall that an A ∞ homomorphism from an A ∞ algebra to a differential graded algebra consists of such maps which satisfy the equation:
. . , a d1+1 ), C d1 (a d1 , . . . , a 1 ) = d1,d2,j d1+d2=d+1 (−1)
. . , a d1+j+1 , µ d1 (a d1+j , . . . , a j+1 ), a j , . . . , a 1 ).
The terms on the right hand side correspond to the boundary strata in Equation (A.32), those in the second term of the left to Equation (A.31), and the first term to Equations (A.28) and (A.29). To see the last part, use the definition of the differential in Equation 
